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Resonance requires precise synchronization. Surprisingly, relativistic cyclotron instability can survive under
a magnetic field with its nonuniformity larger than the requirement of synchronism. Localized eigenmode
observed in a hybrid simulation is found to be consistent with that predicted by an analytical theory including
both profile and eigenvalue. Half of the spatial area of the wave profile is located where the frequency
mismatch is negative as against to the positive requirement generally believed. The consequence on the �
dynamics is also demonstrated.
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Resonance is a fundamental issue in science with wide
applications and requires precise synchronization �1–5�. For
a harmonic oscillation with damping, the width of the fre-
quency mismatch between the driving force and the oscilla-
tor is required to be smaller than the damping rate in order to
remain in resonance �1�. For cyclotron resonance, the wave
frequency has to be very close to the harmonic frequency of
charge particle’s gyromotion under magnetic field �2–7�. Cy-
clotron instability through the resonance involving relativis-
tic mass variation effect has been studied for half a century
�2–16�. The cyclotron maser instability �2–5� is the most
important mechanism responsible for generating state-of-the-
art high power microwave source with critical applications in
space, defense, and industry. In order to drive the instability,
it is well known �2–5� that the precise synchronism has to be
stably maintained and the frequency mismatch between the
wave and the harmonic cyclotron frequency, �c, of the
charge particles is required to be positive �2–5�. While the
charge particles are losing their kinetic energy to the wave,
their Lorentz factor decreases, their harmonic cyclotron fre-
quency increases, the frequency mismatch decreases, and
thus the resonance is enhanced to sustain the wave growth
and the instability �2–4�.

Fusion produced fast ions are the only direct source to
reheat the plasmas to maintain the burning �17–19�. The fast
� particles produced by the fusion reaction of deuterium and
tritium have an energy of 3.5 MeV corresponding to a Lor-
entz factor of �=1.000 94. It is interesting to find that the
small factor of relativistic mass variation is capable to drive
harmonic cyclotron instabilities �11–16�. The relativistic cy-
clotron instabilities can significantly affect fast ions’ dynam-
ics �20–24�. Moreover, the instability provides an explana-
tion �25� for experimentally observed ion cyclotron emission
in JET�Joint European Torus� �26–31� and causes the selec-

tive gyrobroadening �20–24� of � energy spectrum measured
in Princeton’s TFTR �Tokamak Fusion Test Reactor� �32,33�.
However, the magnetic field in tokamak device is not uni-
form. The nonuniformity is usually much larger than the rate
of wave growth in homogenous plasmas that shall be larger
than the rate of damping. Thus, the relativistic effect is be-
lieved �16� to be minor in tokamak as echoed by the belief
�10� that resonance synchronism can be easily destroyed by
inhomogeneity.

In this paper, we will show the simulation and analytical
results that impact our understanding of resonance and the
requirement of frequency mismatch. In contrast to conven-
tional wisdom �16�, localized eigenmodes of cyclotron
waves �34� are excited at the minimum of the magnetic field
which is taken to be sinusoidally nonuniform. One of the
possibilities is that resonance and the resultant structure of
wave mode is a consequence of the need to drive instability
for dissipating free energy and increasing the entropy. We
even find that the wave mode can exist at where the wave
eigenfrequency is lower than the local harmonic cyclotron
frequency. An eigenmode theory derived is found to be con-
sistent with the simulation results.

A one-spatial-and-three-momentum-dimension particle-
in-cell code was developed to study the dynamics of the �
particles and the resultant relativistic electrostatic ion cyclo-
tron instability. The system is in the x direction with its pe-
riodical length of L=4096 �x while the external magnetic
field is in the z direction as B=B0�1+� sin�2�x /L��, where
the cell size �x=0.043 cm, B0=5 T, �=0.01, and the mini-
mum B is at the cell of 3072. To reduce the numerical noise,
the quiet-start technique �35,36� was used for isotropic mo-
noenergetic particle � with an initial maximum gyroradius of
��=125 �x at B0 �where the subscript � is for the � particle�,
and for 5 keV particle deuterons that may also be described
by fluid scheme; while the electrons are treated as a dielectric
neutralizing background. The � density is 2	109 cm−3 and
the deuteron density is 1013 cm−3. For the particle deuterons
case, the number of � particles is 5 038 848 and that of deu-*chenkr@mail.ncku.edu.tw
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terons is 11 390 625. On the other hand, for the fluid deute-
rium case, the number of � particles is 10 077 696. Besides,
the unit time is t0=�c�

−1 �where �c� is at B0� and the time step
is 0.025. The wave number is k=2�m /L, where m is the
mode number.

A previous theory �37� also indicates the instability can
survive a nonuniform magnetic field and shows a localized
wave mode. The corresponding characteristics and physics of
the instability and the localized wave mode are, however,
different from the present results. The gyrokinetic theory de-
rived an integral dispersion relation and solved it numeri-
cally in k space. The eigenfrequency is significantly lower
than the local harmonic cyclotron frequency of the � par-
ticles at the magnetic minimum; i.e., the resonant condition
cannot be satisfied for driving a relativistic instability �2�.
Also, the localized wave mode has a different profile and
may correspond to a different class of wave modes other than
an absolute instability needed. Thus, an analytical theory
based on the absolute instability condition is needed in order
to obtain correct results consistent with the simulation and to
explain the characteristics and the interesting resonance
physics relevant to the observed localized eigenmode.

Consider the dispersion relation for a uniform magnetic
field as D �� ,k�=0 and for a nonuniform magnetic field
as D �� ,k ,x� ��x�=0. Let ��x�=
�x�exp�ik�x�, where k�

represents the spatial fast-varying part of the wave function.
By employing the two-scale-length expansions �38� with �
=��+��, k=k�− i�x, and x=x0+�x, the corresponding eigen-
mode equation becomes

�D���,k�,x0� + Q���� + �kD�− i�x� + 1/2�k
2D�− i�x�2

+ �xD�x + 1/2�x
2D�x2 + ��k

2 D���− i�x�

+ �kx
2 D�x�− i�x� + ��x

2 D���x�
�x� = 0, �1�

where Q����=��D��+��
2 D��2 /2+ . . .higher orders; all

terms are at �=��, k=k�, and x=x0.
To investigate the localized modes, we make a parabolic

approximation of the magnetic field at the minimum as
B�x�=B0�1+�b�x−x0�2 /2�, where �b denotes the nonunifor-
mity; for the simulation case of �=0.01, �b is 3.71	10−4.
Choose x0=0 at the cell of 3072 for simplicity; all terms
associated with the first order derivative to x0 will vanish.

We further request k� satisfying the absolute instability
condition of �kD=0 �38�, which implies that the group ve-
locity is zero. Also, in order to remove the term related to
��k

2 D, let 
�x�=��x�exp�ik1x� and k1=−��k
2 D /�k

2D��. After
some algebra, Eq. �1� can be transformed to a parabolic cyl-
inder equation �39� as

�t
2� − �t2/4 − E�� = 0. �2�

Then, we obtain the eigenvalue of E=En=n+1 /2
=−Q���� / �2�k

2D� and the corresponding eigenfunction
of ��t�=�n�t�=Hen�t�exp�−t2 /4�, where 4��x

2D /�k
2D, t

�21/2x, and the Hen�t� is the modified Hermite polynomial
of order n, where the rank of the eigenvalue is n
=0,1 ,2 , . . .. During the algebra, we had also neglected the
term of ���k

2 D�2 /�k
2D��2 which should be much smaller than

the term of ��
2 D��2 in Q���� when the charge particles

strongly resonate with the wave. For localized solutions, �
should vanish while away from x0. Hence, only the solutions
satisfying Re�t2��0 are chosen to make sure the localiza-
tion.

The waves can propagate in both positive and negative
x directions. Therefore, with k0=k�+k1, the wave function
can be written as ��x�=��x��exp�ik0x�+exp�−ik0x�� /2
=��x�cos�k0x�, which is a symmetric and localized solution.

To study the behavior of instabilities under nonuniform
magnetic field, we use the dispersion relation derived for a
uniform B �11� and follow the procedures described above.
From the dispersion relation D�� ,k�=0, � can be deter-
mined from k numerically with Muller’s method. There are
several solutions satisfying the �kD=0 condition; the mode
with a highest growth rate is of interest. The corresponding
wave function is then calculated.

Figure 1 shows the histories of the field energy from the
simulations. While the deuterons are treated as particles and
all the wave modes are kept, the system is too noisy. By
reducing the wave modes kept �110�m�60; i.e., 21.09
�k�11.50� or treating the deuterium as a fluid, the wave
grows with some noises. With both, the wave grows expo-
nentially from a low noise and then saturates at a similar
level as other cases. The normalized growth rate is
3.3	10−3.

A snapshot of the field profile in real space near the mini-
mum B is shown in Fig. 2. A twin-wavelet structure is clearly
formed; the width at each side is about four times the �’s
initial maximum gyroradius. Note that the variation in the
normalized frequency mismatch across the wave profile is
about 3.5	10−2 that is much larger than the normalized
damping rate of 1.4	10−3, estimated from the difference
between the normalized growth rates in the homogenous
plasma and in the nonuniform B, and even the normalized
growth rate of 4.7	10−3 in the homogenous plasma. The
relativistic effect cannot satisfy the requirement of synchro-
nism �1,2,10� for oscillation resonance with damping �or
growth�. However, our results show that the relativistic in-
stabilities can still survive and play an important role in this

FIG. 1. �Color online� Histories of the total field energy from the
simulation cases of particle deuterons with wave modes m kept
from 60 to 110, fluid deuterium with all wave modes kept, and fluid
deuterium with wave modes m kept from 60 to 110, respectively,
where m=kL /2�.
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system. The wave function of the rank n=1 obtained from
the theory is also plotted in Fig. 2 and is in a good agreement
with the simulation result in terms of the overall shape
and its width. The theoretical normalized growth rate of
2.54	10−3 agrees with that of the simulation �e.g.,
3.3	10−3� as well. The figure inserted in Fig. 2 shows the
theoretical and simulation profiles in the k space. As also
agreeing, both show that there are two peaks located near 16
and 18, respectively, while the growing k modes of the spec-
trum are from 14 to 20; these k modes have been included in
the simulation case of wave modes limited.

Figure 3 shows the power spectrum of the wave fre-
quency and the amplitude vs the position. Within the area of
the twin-wavelet structure, the wave frequency measured at

different position is almost as a constant of 12.875 that is
close to 12.8705 from the analytical theory. This evidences
that the localized wave mode is an eigenmode predicted by
the theory. The wave profile is symmetrical and its width at
both sides is about four � Larmor radiuses. This may be
related to the fact that the excursion of one magnetized
charge particle is two Larmor radiuses. Moreover, while the
frequency mismatch in the central region is positive as re-
quired �2–5� by the relativistic cyclotron instabilities, the
mismatch at outer region from both the simulation and the
theory is negative as against the well-known resonant re-
quirement. The peaks of the wave mode are located at a
small positive mismatch and at about one � Larmor radius
away from the center as also indicated in Fig. 2. It is inter-
esting to note that the area of the wave profile at the outer
region and the number of � particles within are larger than
those at the central region. The shape of the profile may be
resulted from the need of the resonant interaction to drive the
instability to dissipate the free energy associated with the
energetic � particles.

The localized cyclotron wave mode has profound effects
on the dynamics of the � particles. Figure 4 shows the snap-
shots of the � particles in the phase space of perpendicular
momentum and real space. When the wave is still in its linear
growth stage at t=2000, some of the � particles are being
accelerated while some are decelerated; the acceleration is
stronger at the central region. At the stage of the wave satu-
ration at t=2500, the acceleration and deceleration of the �
particles are significant. At the end of the simulation at t
=3000, while some of the � particles have been accelerated
almost to double its perpendicular energy, the overall accel-
erated phase space becomes a rectangle shape and be almost
independent of the wave profile. At the edges of the wave

FIG. 2. �Color online� The electrostatic field at the simulation
time of 1900 �red solid curve� during the linear wave growth for the
simulation case of fluid deuterium and m from 60 to 110 as well as
the wave function predicted by the analytical theory �blue dashed
curve�. The inserted figure shows the k space profiles of the elec-
trostatic field snapshot from the simulation �red solid curve� and the
analytical wave function �blue dashed curve�.

FIG. 3. �Color online� The power spectrum in log scale vs the
position. The upper panel is for the normalized wave frequency; at
each position, the power intensity is normalized to the correspond-
ing peak value that is shown in the lower panel. The red curve is for
the local relativistic 13-harmonic cyclotron frequency of the � par-
ticles at initial.

FIG. 4. Scatter plots of the � particles in the phase space of
perpendicular momentum vs position at t=2000, 2500, and 3000,
respectively.
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profile, although taking a longer time, the much weaker wave
field is still capable of affecting the � dynamics as that at the
peak.

For simplicity, the nonuniformity studied analytically is
parabolic at the minimum of the sinusoidal function em-
ployed in the simulation. The eigenmode driven is near the
minimum, i.e., the zero at the derivation of B. As concerned
for possible applications in a realistic device, this kind of
nonuniformity may occur as a local approximation for the
magnetic field along toroidal direction due to the sharp pres-
sure gradients in high- tokamak discharges or along
poloridal direction especially for trapped �. While the rela-
tivistic cyclotron instability studied here is for energetic ions,
the findings may still have important implications and thus
applications for electrons such as the increasing of tunability
in gyrotrons. The width of the wave eigenmode being eight �
Larmor radiuses is not small in a device. Besides the direct
consequences of the instability on the � dynamics, the details
of the nonlinear plasma dynamics are not within the scope of
this paper. While absolute instability is studied here, convec-
tive instability and its consequences driven by the energetic
� particles remain an interesting topic to be investigated.

In summary, the relativistic ion cyclotron instability under
nonuniform magnetic field has been studied with a hybrid
simulation and an analytical theory. Although the nonunifor-
mity is too large to satisfy the synchronism requirement of
resonance, localized cyclotron mode is still observed in the
simulation and is found to be consistent with that predicted
by the theory questing for an absolute instability. Half of the
spatial area of the eigenmode is located where the frequency
mismatch is negative as against the positive requirement
generally believed for driving relativistic cyclotron instabili-
ties. The localized cyclotron wave demonstrates the profound
effects on the dynamics of the � particles involved. We have
also assessed the condition and possible applications in real-
istic devices such as high- fusion tokamak plasmas.

This work was supported by National Science Council of
Taiwan. The research of L.C. was in part supported by U.S.
DOE and NSF grants. K.R.C. appreciates the support of Na-
tional Center of Theoretical Science for L.C.’s visit to initiate
the collaboration in developing the theory while T.H.T. ap-
preciates the hospitality of UCI during his stay supported by
NSCT Graduate Students Research Abroad Program.

�1� R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman
Lectures on Physics Mainly Mechanics, Radiation, and Heat
�Addison-Wesley Publishing, Reading, MA, 1968�, pp. 23–24.

�2� K. R. Chu, Rev. Mod. Phys. 76, 489 �2004�, and references
therein.

�3� K. R. Chen, J. M. Dawson, A. T. Lin, and T. Katsouleas, Phys.
Fluids B 3, 1270 �1991�.

�4� K. R. Chu, J. Chin. Inst. Eng. 4, 85 �1981�.
�5� K. R. Chu and J. L. Hirshfield, Phys. Fluids 21, 461 �1978�.
�6� R. Q. Twiss, Aust. J. Phys. 11, 564 �1958�.
�7� K. R. Chen and K. R. Chu, IEEE Trans. Microwave Theory

Tech. 34, 72 �1986�.
�8� L. Chen, T. H. Kho, K. R. Chen, and A. T. Lin, Phys. Fluids

31, 3116 �1988�.
�9� C. S. Wu and L. C. Lee, Astrophys. J. 230, 621 �1979�.

�10� Y. A. Istomin, Plasma Phys. Controlled Fusion 36, 1081
�1994�.

�11� K. R. Chen, Phys. Plasmas 7, 844 �2000�; 7, 857 �2000�.
�12� K. R. Chen, Phys. Lett. A 181, 308 �1993�.
�13� K. R. Chen, Phys. Plasmas 10, 1315 �2003�.
�14� K. R. Chen, R. D. Huang, J. C. Wang, and Y. Y. Chen, Phys.

Rev. E 71, 036410 �2005�.
�15� K. R. Chen, H. K. Chen, and S. H. Lee, Phys. Plasmas 14,

092102 �2007�.
�16� A. Fruchtman, N. J. Fisch, and E. J. Valeo, Phys. Plasmas 4,

138 �1997�.
�17� H. P. Furth et al., Nucl. Fusion 30, 1799 �1990�.
�18� N. J. Fisch and J. M. Rax, Phys. Rev. Lett. 69, 612 �1992�.
�19� E. J. Valeo and N. J. Fisch, Phys. Rev. Lett. 73, 3536 �1994�.
�20� K. R. Chen, Phys. Lett. A 247, 319 �1998�.

�21� K. R. Chen, Phys. Lett. A 326, 417 �2004�.
�22� K. R. Chen and T. H. Tsai, Phys. Plasmas 12, 122510 �2005�.
�23� K. R. Chen, Nucl. Fusion 35, 1769 �1995�.
�24� K. R. Chen, Phys. Rev. Lett. 72, 3534 �1994�.
�25� K. R. Chen, W. Horton, and J. W. Van Dam, Phys. Plasmas 1,

1195 �1994�.
�26� G. A. Cottrell and R. O. Dendy, Phys. Rev. Lett. 60, 33

�1988�.
�27� R. O. Dendy, C. N. Lashmore-Davies, and K. F. Kam, Phys.

Fluids B 4, 3996 �1992�.
�28� B. Coppi, Phys. Lett. A 172, 439 �1993�.
�29� R. O. Dendy et al., Phys. Scr. T52, 135 �1994�.
�30� T. Fulop, Ya. I. Kolesnichenko, M. Lisak, and D. Anderson,

Nucl. Fusion 37, 1281 �1997�.
�31� K. G. McClements, C. Hunt, R. O. Dendy, and G. A. Cottrell,

Phys. Rev. Lett. 82, 2099 �1999�.
�32� S. S. Medley et al., Rev. Sci. Instrum. 67, 3122 �1996�.
�33� S. S. Medley et al., Plasma Phys. Controlled Fusion 38, 1779

�1996�.
�34� K. R. Chen, Bull. Am. Phys. Soc. 45�7�, 132 �2000�.
�35� J. M. Dawson, Rev. Mod. Phys. 55, 403 �1983�.
�36� C. K. Birdsall and A. B. Langdon, Plasma Physics via Com-

puter Simulation �Adam Hilger, New York, 1991�, p. 394.
�37� J. Q. Dong, Plasma Phys. Controlled Fusion 47, 1229 �2005�.
�38� L. Chen, Waves and Instabilities in Plasmas �World Scientific

Publishing, Singapore, 1987�, p. 4.
�39� M. Abramowitz and I. A. Stegun, Handbook of Mathematical

Functions with Formulas, Graphs, and Mathematical Tables
�Dover, New York, 1972�, p. 686.

CHEN, TSAI, AND CHEN PHYSICAL REVIEW E 81, 026404 �2010�

026404-4


